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RESUMMED QUANTUM GRAVITY
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We present the current status of the a new approach to quantum general relativity based on the exact
resummation of its perturbative series as that series was formulated by Feynman. We show that the
resummed theory is UV finite and we present some phenomenological applications as well.
BU-HEPP-06-08, Oct., 2006, presented at ICHEP06
1 Introduction
The successful classical generalization of Newton’s
law of gravity by Einstein in the general theory of
relativity is one of the outstanding achievements of
20th century physics. Left over for solution in the
21st century is the problem of the union of general
relativity and quantum mechanics. While the su-
perstring theory [1,2] is currently the only accepted
solution of this problem with no unresolved theo-
retical issues, the lack of any experimental verifica-
tion of superstring theory invites consideration of
other approaches. Indeed, the loop-quantum grav-
ity approach is yet another possible solution [3],
though it may still have some issues of principle.
Accordingly, in Refs. [4–7], we have introduced a
new approach to this outstanding problem of quan-
tum general relativity.
Our approach is based on methods well-
tested [8, 9] in the theory of higher-order radiative
corrections in high precision studies at LEP1 and
LEP2 and recently extended to high precision LHC
physics scenarios [10, 11]. We have called the new
theory resummed quantum gravity, as we follow
Feynman’s formulation [12,13] of Einstein’s theory
as a point particle quantum field theory and, tak-
ing a hint from the work of Yennie, Frautschi and
Suura [9] in which they discovered that resumming
the infrared effects in the electron propagator in
QED leads to an improved convergence in the UV
for the QED loop corrections that involved that
propagator, we show that resumming the large in-
frared effects in quantum general relativity leads in
fact to a UV finite result. This then is a pure union
of the ideas of Bohr and Einstein.
The discussion proceeds as follows. After re-
viewing Feynman’s formulation of Einstein’s the-
ory in the next section, we show how resummation
renders the theory UV finite in Section 3. Section
4 then presents some phenomenology of the new
theory. Section 5 sums up the discussion.
2 Einstein’s Theory as Formulated by
Feynman
The basic idea of Feynman [12, 13] is that quan-
tum general relativity is a point particle field the-
ory where the graviton represents quantum fluctu-
ations about the background metric ηµν of space-
time: gµν = ηµν + 2κhµν , where κ =
√
8πGN
with GN equal to Newton’s constant so that GN =
1/M2Pl where MPl = 1.22× 1019GeV is the Planck
mass. This means that, after we specialize the
Lagrangian of the world to the scalar Higgs sec-
tor for definiteness ( if we show that the Higgs-
graviton system is UV finite, the inclusion of the
spinning particles will follow without essential com-
plication), then we are led by Feynman [12, 13] to
consider the Lagrangian
L(x) = −
√−g
2κ2
R +
√−g
2
(
g
µν
∂µϕ∂νϕ−m2oϕ2
)
=
1
2
{
h
µν,λ
h¯µν,λ − 2ηµµ
′
η
λλ′
h¯µλ,λ′η
σσ′
h¯µ′σ,σ′
}
+
1
2
{
ϕ,µϕ
,µ −m2oϕ2
}
− κhµν[ϕ,µϕ,ν + 1
2
m
2
oϕ
2
ηµν
]
− κ2[ 1
2
hλρh¯
ρλ(
ϕ,µϕ
,µ −m2oϕ2
)
− 2ηρρ′hµρh¯ρ
′ν
ϕ,µϕ,ν ] + · · ·
(1)
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where ϕ,µ ≡ ∂µϕ and we have the metric gµν(x) =
ηµν+2κhµν(x) with ηµν = diag{1,−1,−1,−1} and
y¯µν ≡ 12 (yµν + yνµ − ηµνyρρ) for any tensor yµν .
Feynman has thus formulated Einstein’s theory as
just another point particle field theory for which
he has already worked-out the Feynman rules in
Ref. [12, 13].
3 Resummed Quantum Gravity
In Refs. [4–7], we have extended the approach of
Yennie, Frautschi and Suura [9] to the Lagrangian
in (1) by re-arranging the Feynman series for the
1PI 2-point functions, exactly.
Specifically, as we show in Ref. [4,7], our exact
re-arrangement of the Feynman series for the scalar
1PI 2-point function leads to the result
i∆′F (p)|resummed =
ieB
′′
g (p)
(p2 −m2 − Σ′s(p) + iǫ)
(2)
where
Σ′s(p) ≡
∞∑
ℓ=1
Σ′ℓ(p). (3)
when Σ′ℓ(p) is the corresponding ℓ-loop 1PI 2-point
function residual and where the exponent B′′g (p) is
given by (∆ = k2 −m2)
B
′′
g (k) = −2iκ2k4
∫
d4ℓ
16π4
1
ℓ2 − λ2 + iǫ
1
(ℓ2 + 2ℓk +∆+ iǫ)2
=
κ2|k2|
8π2
ln
(
m2
m2 + |k2|
)
,
(4)
where the latter form holds for the UV regime, so
that (2) falls faster than any power of |k2|. With
this, taken together with its spinning analog rep-
resentations, for the propagators in the theory, we
find that corrections such as those illustrated in
Fig. 1 are UV finite when superficially they are
D = +4, if D is the standard naive power-counting
degree of divergence. It can be shown that our re-
summed theory is entirely UV finite [4]. This is
consistent with the more phenomenological analy-
ses in Refs. [14–17], which argue for a similar result
following Weinberg’s asymptotic safety approach.
We note as well that we know of no contradic-
tion between our UV analysis and the important
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Figure 1. The scalar one-loop contribution to the graviton
propagator. q is the 4-momentum of the graviton.
analyses in Refs. [18–20], which deal with the large
distance behavior of the theory.
4 Massive Elementary Particles and
Black Holes: Final State of Hawking
Radiation and Planck Scale Remnants
As we show in Refs. [4–7], when we compute the
now UV finite 1-loop contributions to the graviton
self-energy, we find the improved Newton potential
ΦN (r) = −GNM
r
(1− e−ar), (5)
where with
a ∼= (360πM
2
Pl
c2,eff
)
1
2 (6)
we have that [7]
a ∼= 0.210MPl. (7)
Two consequences of the improved Newton po-
tential are as follows:
4.1 Elementary Particles and Black Holes
A massive point particle of rest mass m has its
mass entirely inside of its Schwarzschild radius
rS = 2m/M
2
Pl so that classically it should be a
black hole. We do not expect this to hold in quan-
tum mechanics. Focusing on the lapse function in
the metric class
ds2 = f(r)dt2 − f(r)−1dr2 − r2dΩ2, (8)
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with
f(r) = 1− 2G(r)m
r
(9)
and G(r), using (5), given by
G(r) = GN (1− e−ar), (10)
we see that the Standard Model massive particles
all have the property that f(r) remains positive as r
passes through their respective Schwarzschild radii
and goes to r = 0 – the particle is no longer [5–7] a
black hole. Refs. [15, 21] have also found that sub-
Planck mass black holes do not exist in quantum
field theory.
4.2 Final State of Hawking Radiation –
Planck Scale Cosmic Rays
Considering next the evaporation of massive black
holes, we first note that in Ref. [15], followingWein-
berg’s [22] asymptotic safety approach as realized
by phenomenological exact renormalization group
methods, it has been shown that the attendant run-
ning of Newton’s constanta leads to the lapse func-
tion representation, in the metric class in (8),
f(r) = 1− 2G(r)M
r
(11)
where M is the mass of the black hole and now
G(r) ≡ GBR(r) = GNr
3
r3 + ω˜GN [r + γGNM ]
(12)
where γ is a phenomenological parameter [15] sat-
isfying 0 ≤ γ ≤ 92 and ω˜ = 11815π . It follows [15] as
well from (12) that black holes with mass less than
a critical mass Mcr ∼MPl have no horizon. Upon
joining our result in (9) onto that in (12) at the
outermost solution, r>, of the equation
GBR(r) = GN (1 − e−ar), (13)
we find the following for the final state of the Hawk-
ing process for an originally very massive black
hole: for r < r>, we use our result in (9) for
G(r) and for r > r> we use GBR(r) for G(r) af-
ter the originally massive black hole has Hawking
radiated down to the appropriate scale. For the
self-consistent value γ = 0 and 0.2 = Ω ≡ ω˜
GNM2
=
aSee Ref. [23] for a discussion of the gauge invariance issues
here.
ω˜M2Pl
M2
for definiteness we find that the inner horizon
found in Ref. [15] moves to negative values of r and
that the outer horizon moves to r = 0, so that the
entire mass of the originally very massive black hole
radiates away until a completely accessible Planck
scale remnant of mass M ′cr = 2.38 MPl is left: It
would be expected to decay into n-body final states,
n = 2, 3, · · · , leading in general to Planck scale cos-
mic rays [6, 7]. The data in Ref. [25, 26] are not
inconsistent with this conclusion, which also agrees
with recent results by Hawking [27].
5 Conclusions
In this paper we have presented a new paradigm in
the history of point particle field theory: a UV fi-
nite theory of the union of quantum mechanics and
general relativity. It holds promise to be a solution
to most of the outstanding problems in the union
of the ideas of Bohr and Einstein. More impor-
tantly, it is clear evidence that quantum mechan-
ics, while not necessarily the ultimate theory, is not
an incomplete theory. This work was supported in
part by US DOE grant DE-FG02-05ER41399 and
by NATO grant PST.CLG.980342. We thank Prof.
S. Jadach for useful discussions.
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